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A STUDY OF SPEED FACTORS IN TESTS AMD ACADEMIC GRADES* 

Abstract 

Speeded and unspeeded tests of vocabulary, spatial relations, and 

arithmetic reasoning were factorially analyzed, together with certain 

reference tests and academic grades. Lawley's maximum-likelihood method 

was used, the computations being carried out on the Whirlwind electronic 

computer. Four different speed factors were isolated, together with a 

second-order general speed factor. Consistent small positive correlations 

between the academic grades and the speed factors were found. 

* 
The writer is indebted to Dr. John French, to Dr. David Saunders, and very 

especially to Dr. Ledyard R Tucker for helpful suggestions and theoretical 

advice throughout the course of this study. The active cooperation of 

Dr. William Shields, Educational Advisor, and of many others at the United 

StateB Naval Academy at Annapolis has been invaluable. 



A STUDY OF SPEED FACTORS IN TESTS AND ACADEMIC GRADES 

The speed with which an examinee responds to the items in a test is an 

ability or characteribtic of the examinee that frequently affects his test 

score. Almost all published achievement and aptitude tests are to some 

extent measures of "speed" for at least some of the examinees. Tests 

specifically designed for factor analysis studies are frequently highly 

speeded in view of the necessity for administering many tests in a 

limited time. 

Much remains to he learned about the trait, or traits, called "speed," 

in spite of the fact that it is commonly an element in reported test scores. 

Is speed on cognitive tests a unitary trait? Or are there different kinds 

of speed corresponding tc different kinds of tasks? In the latter case, 

how highly correlated with each other are these different kinds of speed? 

How highly correlated are speed and level on the same task? How do various 

criteria, such as course grades relate to speed, and how speeded should 

tests designed to predict these criteria be? These are the questions which 

the present study attempts to answer, at least with respect to the tests and 

cAduilueea   eoutiieil. 

Some Previous Rasuits 

Factor analytic studies In the past have often isolated a "perceptual- 

speed factor," usually measured by tests requiring simple, rapid visual 

discriminations. According to French £~6j,   "This factor is characterized 

by the task of /~quickly_7 finding In a maes of distracting material a 

given configuration which is borne in mind during the search." Any sjjeed 
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test composed entirely of very easy items is likely to have a loading on 

this factor. A more recent publication flj breaks down "perceptual speed" 

into at least two factors, "speed of symbol discrimination" and "form per- 

ception," the former relating to familiar symbols, the latter to unfamiliar 

figures. 

Dther factors obviously related to speed, Identified by French £&J  in 

more than one published study, include finger dexterity, fluency of expres- 

sion, ideatlonal fluency, reaction time, speed of association, speed of judg- 

ment, tapping, word fluency. Speed of closure and motor speed are included 

in £~lj*    Rimoldi £"?-§!  finds a "speed of Judgment," a "speed of cognition," 

and a second-order "personal tempo" factor; but in his study, as in that of 

many earlier workers, the subjects vere asked to work on their tests and 

tasks at a "natural, congenial" speed rather than at the maximal speed 

required in most actual testing situations. 

Since so many of the tests used in factor analytic studies are speeded, 

many of the factors obtained are actually speed factors, although not always 

explicitly described as such. An important example of this i« the "number" 

factor, which is commonly measured by highly speeded tests of addition, sub- 

traction, multiplication, and division. As a reminder of its true nature, 

this factor will here be referred to as the number-apeed factor. 

In spite of the presence of both speeded and unspeeded tests in most 

factor analysis batteries, it has not been exactly customary for the analyst 

to find a general intellectual speed factor. Factorial studies specially 

designed to investigate the existence of both general and specific speed 

factors in mental test batteries have been limited ir. number and have 

yielded some seemingly conflicting evidence. 

DuBois £~kj,  using tetrad and triad analysis, found a speed factor 

coumon to speeded arithmetic, vocabulary, analogies, directions, and space 
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testsj all his test items were chosen so as to he extremely easy, however. 

Sutherland /~21_7 ,  also using tetrad analysis, found no general speed factor 

in a variety of speeded tasks at different difficulty levels selected from 

various intelligence tests,  tyers £~1&J analyzed the scores on differently 

speeded, but otherwise parallel, parts of a nonverbal reasoning test and 

found two orthogonal factors, one for speed and one for level. 

Tate /~22_7 , using a carefully controlled, complex analysis of vari- 

ance design, clearly demonstrated the existence of a general speed factor 

common to rate-of-work scores on arithmetic-reasoning, number-series, sen- 

tence-completion, and spatial-relations items. He also obtained indications 

of speed factors specific to each of these types of items. Rate of work 

was found to be uncorrelated with independent measures of "altitude" in the 

ability measured. 

Davidson and Carroll /~3_7 obtained and factor-analyzed time-limit, 

work-limit (level), and rate-of-work scores on the following tests: Letter 

Grouping, Scattered X's, Phrase Completion., Disarranged Morphemes, para- 

graph reading, and the eight subtests of the Revised Alpha Examination. The 

Scattered X's test, which is a measure of perceptual speed, was found to 

have so little correlation with all other measures that it was dropped from 

the analysis. They found a reasoning-speed factor (as well as a reasoning- 

level factor) and also a "general speed factor" involving nearly all of the 

rate-of-work scores. In spite of the presence of several typically verbal 

tests, they did not find a clear-cut verbal factor * 

Mahan /~17_7 administered three differently speeded tests for each of 

the following five factors: verbal, numerical, spatial, perceptual speed, 

inductive reasoning. By the multiple-group method he then extracted five 

factors corresponding to the five types of tests. No speed factor was 

found. The foregoing procedure was independently carried through once with 
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moderately and highly speeded tests and once with moderately speeded and 

unspeeded tests. The five factors obtained in the two situations were found 

to differ somewhat from each other. 

For further discussion of "speed factors," the reader is referred to a 

discussion by Vernon £~2k,  pp. 80-85_7 and to the 33 references listed by 

Goheen and Kavruck £~Bj. 

Data for the Present Study 

The Subjects 

All measures used in this study were obtained on 649 students in the 

entering C1*SB at the United States Naval Academy at Annapolis. This unus- 

ually large number of cases was secured with a view toward obtaining clearly 

irterpretable factorial results. 

The Tests 

The study centers around tests of the verbal factor, of spatial ability, 

and of arithmetic reasoning. This choice was made because of the widespread 

use of tests in these three areas for actual selection and guidance. Almost 

all entering students at Annapolis take an admissions battery that includes 

tests in these three areas. 

In each of +hese three areas, seven tests were administered to the 

examinees. One of these was the regular admissions examination, which will 

be denoted by the letter A, administered to applicants before admission. 

The admissions tests are only slightly speeded. The remaining six were 

short experimental tests administered at the beginning of the school year. 

These six tests were constructed so as to be wholly parallel to each otheir 

in fiontenx, but diffoxoui, 1M dagxse of speededneas. Two of the six tests 
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were "level" testa, xo be denoted by L, involving virtually n<~  speed at all. 

One of the six tests was moderately speeded (M). The remaining three tests 

vere highly speeded (8). In order to confound practice effect Insofar as 

possible, the tests were administered in scrambled order, as follows: 

1SMSLS. In advance of taking each test, the examinee was told the degree 

of speededness that would be required by the time allowance given. 

Six reference-factor tests (number, perceptual speed, word fluency) 

were administered at the beginning of the school year in addition to the 

foregoing. These are designated by the letter R. A more complete descrip- 

tion of the tests follows. 

1. Word Fluency (R). The examinee is instructed to write down as 

many words and their opposites as he can in four rainutes. This test was 

included so as to determine its relation to the verbal factor and to the 

verbal-speed factor, if the latter were actually found to exist. 

2. Verbal (A). This test contained both word-analogies items und 

"double-definitions" items. The latter item type is essentially a sentence 

with two ulssing worls which the examluee must select from alternative pairs 

of words provided, thus producing a completed sentence that is a simple 

definition of one of the missing words. 

3.^» Vocabulary (L). These tests require the examinee to find among 

the choices a word opposite in meaning to the given key word. Also 5. Vocab- 

ulary (M) and 6.7.8. Vocabulary (S).  (9. Vocabulary (LIA) is merely the 

"last-item-attempted score" on test 7.) 

10. Spatial Relations (A) contained both block-counting and "identical- 

blocks" items. The latter requires the examinee to indicate which of five 

drawings represents a key block drawn from a different angle. 

11,12. Intersections (L). These tests consist of a type of spatial 

relations item requiring the examinee to visualize the two-dimensional outline 
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of the intersection of a solid geometric object cut by a plane. Aleo 

15. Intersections (M) and l4.15.l6. Intersections (S).  (17. Intersections 

(LIA) is merely the "last-item-attempted score" on test 15.) 

18. Mathematics (A) is composed of arithmetic reasoning, algebra, and 

geometry items. 

19.20. Arithmetic Beanoning (L) consist entirely of the usual arith- 

metic -reasoning items. Also 21. Arithmetic Reasoning (M) and 22.25.2^-. 

Arithmetic Seasoning (S).  (25. Arithmetic Reasoning (LIA) is merely the 

"last-Item-attempted score" on test 23.) 

26.27. Number Speed (R) are typical reference tests for the number- 

speed factor.  26 is a test of addition and division; 2j[ is a test of sub- 

traction and multiplication. Both are highly speeded tests involving only 

very easy computations. 

28.29.50. Perceptual Speed (B) are typical reference tests for the 

perceptual-speed factor. 28. Cancellation requires the examinee to cross 

out as many letter A's in a paragraph as he can in tvo minutes.  29. Picture 

Discrimination requires him to indicate which of three very sk.tchily drawn 

faces is different from the ether two. 30. Number Checking requires him to 

indicate whether two multi-digit numbers are the same or different. 

Table I summarizes the background information about the "experimental" 

tests and shows the proportion of examinees who answered the last item in 

each test.  It is apparent that the speeded tests were In fact very highly 

speeded, as intended. Actually, there is reason to believe that many or all 

of the examinees who answered the last item of the speeded tests could have 

done so only by skipping many items or by responding to them at random. 



Table 1 

Background Information and Data 

on Speededne8s for the "Experimental" Tests 

Speed- 
edness 

Number Test- Items Per cent* of 
Tests of 

Items 

15 

ing 
Time 

7 

per 
Hour 

129 

EX£ 
Fir 

uuinees 
lishing 

3fh Vocabulary L 97 

5 ti M 30 5 360 71 

6,7,8 ti S 75 5 900 2 

11,12 Intersections L 15 20 H5 98 

13 i< M 20 12 100 75 

1^,15, 16 
ti S 35 9 233 11 

19,20 Arithmetic Reasoning L 10 20 30 9h 

21 ;; ti M 15 15 60 50 

22,23, 2k n ii S 30 10 180 k 

The mean of two values in the case of the level tests, of three in tne 
case of the speed testa. 



Scoring 

The throe admissions tests are composed of multiple-choice items having 

five (in a few cases, eight) alternative responses. The score obtained for 

each test was the number of items answered correctly, this being the standard 

procedure for scoring the admissions examinations. 

The eighteen experimental vocabulary, Intersections, and arithmetic 

reasoning tests were all composed of five-alternative multiple-choice items 

and were scored number-right minus one-fourth-number-wrong:  It was felt 

necessary to make this "correction for guessing'1 in order that any speed 

factor that might be found Bhould not be open to the challenge that it was 

merely a willingnass-to-guess-wildly factor. It would, of course, have been 

wrong to include both corrected and uncorrected scores on the same teat in 

a straightforward factor analysis, because of their experimental dependence. 

Some further investigation of the effect of the correction for guessing was 

nevertheless planned. For thiB purpose, number-right (MR) scores were obtained 

fur testB ?, 15, and &3, these new scores being designated as variables 37, 

38, and 39. 

The score on each of the six reference tests was taken to be the number 

of right answers. This method of scoring was used simply because this is 

the usual method for scoring these tests.  If they were scored in any other 

way, they might no longer represent the same reference factors. 

In addition to the regular score already mentioned, a "last-item-attempted 

score" (LIA) was obtained for one speeded test in each of the three areas, 

as noted in the preceding section. The LIA score is simply the serial number 

of the last item to which the examinee responded. This score is a crude 

measure of rate-of-work.  It vas considered to be highly desirable to include 



such scores In the present study, although in general the study is primarily 

concerned with the type of scores normally used in practical work with 

aptitude tests. The statistical method used to deal with the experimental 

dependence of these scores and of the HE scores on the other scores obtained 

from the same tests will be outlined in a later section. 

School Grade3 

During their first year, all entering students at Annapolis normally 

receive grades in each of the following: 

51. English Composition aud Literature. 

32. Foreign Language.  (Each student selects one out of the several 
available foreign languages.) 

33. Engineering Drawing and Descriptive Geometry. 

3^. Chemistry. 

35. Mathematicg.  (Plane trigonometry, college algebra, plane and 
solid analytic geometry, and calculus.) 

3o. Conduct. (The method by which grades in conduct are assigned need 
not concern us here, since no factor loadings of interest were found 
for this variable.) 

In the present study, each grade is a numerical grade averaged over two 

semesters. Each course grade for each semester represents a combination of 

day-to-day course work and final-examination performance weighted In the 

ratio of three-to-two. It may be noted that the Instructors could not 

possibly have had knowledge of any of their students * test scores, with the 

possible exception of the three admissions tests. 

The final examinations were virtually totally unspeeded, almost every 

student finishing in the time allowed. The day-to-day work in class was of 

mried kinds but was not in general compulsorily speeded.  It is not known 

whether students felt pressed for time while doing their homework assignments. 
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Statlatlcal Analysis 

Normalizing 

All variables used in the present study were normalized before computing 

Pearson product-moment correlations. This was considered desirable since 

otherwise any speed factors that might be found might conceivably have been 

attributable to certain common features in the shape of the score distribution 

of the speeded tests (e.g., skewness), rather than to the existence of a real 

speed factor. 

The Correlations 

The use of product-moment correlations, rather than tetrachoric correl- 

ations, is required for the significance tests to be described later. The 

matrix of the correlations is presented as Table 2. Variables 9, 17, 25, 

37, 38, and 39 are experimentally dependent on variables 7, 15, and 23. 

The consequent spuriously high correlation? are placed in parentheses in the 

table. Variables 9, 17, 25, 37, 38, and 39 were not used in the factor- 

extraction process for this reason. 

Lawley'e Maximum Likelihood Method of Factor Analysis 

Factors were extracted by the B^-.imum-likelihood method developed by 

Lawley. Since this extremely important method has not often been mentioned 

in the literature in this country, and since this method or a modification 

of it la likely to become widely used In the near future, it will be worth- 

while to list some of the available references. The basic development of 

the method was given in £~V2j.    Extensions and further developments appeared 

in /~13, ly, 1, 2, and 23_J.  (A maximum-likelihood Method II, avoiding the 
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assumption of nultivariate normality, was developed by Lawley in /~13_7« 

This second method will not be considered further here, since the usual 

optimum properties of maximum likelihood estimates do not appear to hold in 

the situation under consideration ]_  1, lljy. Whittle £~2^_J   derived a rela- 

tively simple and satisfactory solution for a similar situation in the 

special case where the variables are of known reliability.) Henrysson fioj 

reported an empirical sampling study supporting Lawley's test of significance. 

Bart^ett £"\, 2_J gave a significance test that is presumably superior to 

Lawley's whenever the number of examinees is not large compared to the 

number of variables. Some recent and interesting papers (in English) by 

Bartlett, Lawley, and others have appeared in £~2SJ.    Very recently Bao 

/~19_7 discussed the basic differences between Hotelling's principal-component 

analysis and common-factor analysis and described further developments 

related to those of Lawley. 

Lawley's maximum-likelihood method of factor analysis and Thurstone's 

centrcid usthcd of analysis ara both concerned with estimating common-factor 

loadings, specific-factor variance being systematically set aside. Certain 

characteristics of the maximum-likelihood method may be listed briefly: 

1. The number of common factors is tentatively hypothesized in advance. 

2. The procedure in effect determines the population correlation nrvtrix, 

haviag the hypothesized rank, for which the likelihood of occurrence of the 

observed sample in the course of random sampling is a maximum. The matrix 

of factor loadings exactly reproducing this matrix of population correla- 

tior> coefficients is the basic result obtained by the maximum-likelihood 

method. Ti?.e result is obtained by iterative computational procedures. 

3. The usual matrix of residuals is computed; a rigorous large-sample 

significance test is made to determine whether or not the residuals may 
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plausibly be attributed solely to sampling fluctuations in the correlation 

coefficients. 

k.    If the residuals are statistically significant, the research worker 

repeats the foregoing process, starting with different tentative hypotheses 

as to the number of common factors required to explain the data, until he is 

ready finally to accept one of them. 

s. The usual problem of estimating the communalities ceases to be a 

serious cause for concern, since the maximum-likelihood estimates of the 

communalities are one of the outcomes of the procedure. 

The practical application of the maximum-likelihood method is discussed 

in £ 5,  l6, 1^_7- Until now, the method has not been applied to other than 

very small correlation matrices becuase of the large amount of computations 

required. From a computational point of view, Lawley's method can be described 

essentially as equivalent to the task of finding the latent roots and vectors 

of a modified correlation matrix, the correlations being modified by dividing 

them by a simple function of the unknown latent vectors. 

Extraction of Factors 

The application of Lawley's method to the actual data was carried out on 

Whirlwind I*, a high-speed digital electronic computer. The computing program 

was written by the author with a view to minimizing the use of computer time 

so as to be prepared in case convergence proved to be so olow as to require 

hundreds of iterations. A single Iteration with this program required roughly 

12 seconds, the time varying somewhat with the number ( m ) of factors hypothesized. 

•Whirlwind I is sponsored by the Office of Naval Research. The author wishes 
to express his appreciation to Dr. P. Toutz and Dr. C. W. Adams for the oppor- 
tunity to use this computer and to Dr. H. Denman for his help in programming 
and in putting the program on the computer. 
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The original hypothesis of the author suggested that m should be at 

least 9 for the 35-varial>le matrix analyzed. However, it was found that 

application of Lawley's method to the initial set of trial values selected 

for iteration failed because the computations generated imaginary numbers. 

It became apparent that extremely close init'al approximations to the solu- 

tion were necessary whenever m vas at all large if failure of the procedure 

was to be avoided. 

The problem was dealt with as follows. Computations were first carried 

cut on the assumption that m <- k   . Initial trial values of the factor 

loadings were arbitrary except that (a) calculated loadings on the first 

centrold factor were used for the first colurn of the trial values, (b) 

the remaining trial values were selected so that the sum of squares of the 

trial values for any one variable was equal to the highest correlation 

between that variable and any other variable. When the Iterations were 

successfully completed for m <• k  ,  the resulting estimates of the factor 

loadings were used as the first four columns of the trial values needed to 

start the iterations with m » p ; the fifth column of these trial values 

was set up in accordance with informed guesses based on a survey of tbe 

matrix of residuals. The trial values for m •• 6 were set up in the same 

way from the results obtained with m •» 5 , and so forth. In every case 

after m — k  , the Initial trial values, except for the last column, proved 

to be close approximations to the final factor loadings. No further imagi- 

nary numbers were encountered under this procedure. 

The matrix of residuals obtained with each value of m was tested for 

significance by means of Lavley's chi-square test. Information about the 

progress of the computations and about the chi-square significance tests is 

given in Table 3. Although arguments could be advanced for extracting an 

I 
elaventh factor, it was finally decided to stop when just ten factors had beer 

• 

extracted. 
! 



Table 3 

Tests of Significance and Other Information According 

to the Number ( m ) of Factors Hypothesized 

Number of 
Factors 
Hypothesized 

(« ) 

Number of 
Iterations 
Required for 
Convergence 

55 

Sum of 
Latent 
Roots 

i. t 6l 

5 22 69 
6 75 

7 28 78 

8 26 80 

9 25 8? 

10 28 88 

Chi-Square 
Calculated 
from Residuals 

Degrees of 
Freedom 
for 
Chi-Square 

402 

Probability 
Level for 
Chi-Square 

2,605 < .01 

893 373 < .01 

662 345 < .01 

530 318 < .01 

436 292 < .01 

357 267 < .01 

284 243 -07 

• «"•••-•• 
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The orthogonal unrotated matrix of the maximum-likelihood estimates of 

the factor loadings is given in Tahle h.    The communality for each test and 

the latent root for each factor are also shown. Each latent root is the 

weighted stun of the squares of the loadiu^t* on zne  corresponding factor, the 

weight for the squared loading of each test being the reciprocal of the 

uniqueness of that test. 

Estimation of Unpot.Rt.wd Factor Loadings for Experimentally Dependent Variables 

The six variables in Table k  with loadings enclosed in parentheses were 

not included in the 33-variable correlation matrix from which the factors 

were extracted, as already mentioned. Th* loadings in parentheses were 

estimated by the method briefly outlined in the following paragraphs. 

The usual factor equation, B«FP*  («* is used to indicate approxi- 

mate equality), may be written 

Q' 

"1 

H 

r 
La. 

»      1 
I H' 
I J 

<i) 

where    P    is  the 33-variable matrix of correlations used for extracting the 

factors,    Q    is the matrix of the correlations of these thirty-three variables 

with the six variables that were omitted from    P  ,    S    is the matrix of the 

intercorrelations of these six variables,    G    is the matrix of the factor 

loadings of the thirty-three variables and    H    is the matrix of the factor 



Table 4 

Unrotated Factor Coefficients 
(decimal pointB omitted) 

Variable CODBSU- 

No • I II III iy V VI VII VIII IX X nality 

i 34 16 09 -' 4- 17 08 -04 -04 -07 -02 192 
2 65 51 -25 -03 -17 

_ r\ 
01 12 10 -02 832 

3 56 51 -24 -04 -10 12 12 04 -06 -03 672 
4 61 46 -25 -10 -12 08 -05 00 -12 -02 691 
5 60 55 -24 -04 -07 14 05 04 12 05 774 
6 66 46 -16 -03 13 -10 00 01 -02 03 699 
7 68 59 -15 -04 17 -09 04 -02 -04 00 875 
8 67 56 -12 00 19 -19 01 -06 01 06 853 
9 (W) (34) (11) (06) (38) (-11) (03) (-04) (02) (-02) (519) 

10 49 -36 -16 11 01 02 -14 05 13 01 446 
11 57 -52 -22 -03 -02 11 -02 02 -15 07 689 
12 55 -59 -26 -03 02 10 -11 -02 -03 13 765 
13 60 -58 -29 -01 -02 -01 -07 -0^ -03 12 790 
14 60 -57 -26 01 10 01 06 -03 -01 -04 761 
15 58 -6i -31 02 11 01 12 -02 02 -12 847 
16 60 -6l -24 06 11 01 08 -05 03 -05 826 
17 (30) (-24) (-12) (07) (25) (-05) (28) (-02) (05) (-31) (406) 

18 62 02 24 38 -25 02 -04 14 00 01 669 
19 59 -07 16. 22 -31 -06 -03 03 -10 -12 556 
20 59 -07 23 24 -29 -01 04 01 -13 12 580 
21 62 -02 17 37 -27 -06 -12 oc -08 -04 642 
22 64 -02 23 43 -13 -li -02 -08 08 02 684 
23 63 -05 21 33 -14 -li 02 03 -01 -11 601 
24 6i 04 24 39 -11 -05 -01 -0b Ob -04 604 
25 (39) (04) (21) (19) (16) (-04) (H) (03) (08) (-13) (297) 

26 24 12 52 26 39 22 06 -08 06 01 618 
27 28 10 55 38 52 21 00 -13 06 09 696 

28 26 03 25 05 k2 02 -li 13 -12 -02 358 
29 36 -09 08 09 48 00 -14 26 -01 -09 483 
30 13 04 43 09 49 09 -09 19 -14 -08 531 

31 58 39 12 -28 -09 14 -24 -19 -08 -11 718 
32 38 04 34 -32 -03 14 -06 -21 01 -11 446 
33 64 -41 10 -26 07 -11 -22 08 15 01 754 
34 62 -15 48 -35 -12 -05 02 01 03 -04 781 
35 60 -20 62 -28 -05 -01 13 04 -01 05 887 
36 05 -09 15 -05 -05 -11 -20 -10 15 -09 127 

37 (66) (57) 
(-58) 

(-11) (-03) (20) (-07) (02) (-02) (-01) (00} 
(-13) 

(827) 
38 (57) (-29) (03 (14) (01) (14) (-02) (02) (807) 
39 (64) (-04) (23) (52) (-07) (-09) (02) (04) (02) (-14) (600) 

Latent 
Roots: 40.92 21.90 11.28 5.10 4.09 1.34 1.08 0.83 0.65 O.58 
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loadings of the six variables. Assuming that the entire matrix, B , has the 

same common factors as does P , it follows that G is the matrix of factor 

loadings obtained by analyzing P . H can then be determined from the 

equations: 

HG'^Q'   , (2) 

HH« - s  . (3) 

Since equations 1 and 2 never hold exactly in practice, (2) represents 

an inconsistent set of simultaneous linear equations, there being more 

equations than unknowns.  In practice, equation 3 is totally ignored. A 

least-squares (but not a taxiaaun likelihood) approximate solution for (2) 

can be obtained £~9j by postmultiplying both sides by G(G'O)   ., the 

result being 

H-Q'G(GIG)"1  . (if) 

It seemed more appropriate,  however,  and also computationally easier, 

in the present case where maximum likelihood procedures had been employed, 

to pcPt'Mltiply (P) *w S_2G(GIS~2G)"1     .     S"    being the  33 x 33 diagonal 

matrix whose elements are the uniquenesses of the 33 variables in    P  .    The 

result  is 

H - Q'S-^G'S^G)"*1     . (5) 

A rigorous Justification for (5)  is not  immediately available.    Sufficient 

Justification for its use is apparent, however,  when it  is pointed out that 
-2 

In Lawley's mothod of analysis    G'S    G is the diagonal matrix whose elements 

are the latent roots,  and further that the basic equation of Lawley's 

method can be written 

G - (P - S2)S"2G(C-'S"2G)"1   . (6) 

.-•*.. — 
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Botatlon 

The rotation of the original factor natrix toward psychologically mean- 

ingful oblique factors was carried out with the help of the matrix rotator 

at The Adjutait General's Office*. Extensive careful final rotations were 

made "by desk calculator. Variables 37, 38, and 39 (scores not "corrected 

for guessing") were not available and were not used in determining the rota- 

tions. 

The main guiding pr1nfiipl« in all rotations was psychological meaning- 

fulness, as interpreted according to the notions of the writer. The facility 

with which rotations could h« made on the matrix rotator encouraged persis- 

tence in the ultimately unsuccessful attempt to find an arithmetic-reasoning 

speed factor. A total of 497 rotations were carried out, each rotation 

involving the shift of only one axis. 

Table 5 gives the orghogonal projections of the thirty-nine variables 

on the reference ax*:; — frequently referred to as the "loadings on the 

rotated factors." Since the term "factor loading" has h«*n used with various 

meanings in oblique analyses, these projections will hereafter be referred to 

as "factor coefficients." Table 6 gives the transformation matrix for rota- 

ting Table k  into Table c).    Table 7 gives the intercorrelations among the 

primary vectors. 

If the last factor (or possibly the last two factors) is excluded from 

consideration, the clarity of the factor structure in Table 5 is made 

apparent by the visually obvious distinction between 2-digit and 1-digit 

coefficients. The 1-digit coefficients may be conveniently dismissed as 

insignificant. Each 2-digit coefficient without exception has an obvious 

realistic interpretation. 

•The writer wishes to express his appreciation to Dr. Eubert Brogden and to 
Miss Bertha Harper for the opportunity to use the matrix rotator and for 
their helpful guidance in its operation. 



Table 5 

Rotated Factor Coefficients 

(decimal points and initial zeros omitted) 

V  S  M 
I II III 

N  P  v  s 
IV  V VI VII 

G  K  X 
VIII IX  X 

1. 
2. 
3. 
k. 
5- 
6, 
7- 
8. 
9- 

10. 
11. 
12. 
15. 
llf. 
15- 
16. 
IT- 

18. 
19- 
20. 
21. 
22. 
£;?• 
2k. 
25- 

26. 
27. 

28. 
29- 
50. 

Word Fluency (R) 
Verual (A) 
Vocabulary (L) 

Spatial Relations (A) 
Intersections (L) 

(L) 

::      w 
(S) 
(S) 
(LIA) 

Mathematics (A) 
Arithmetic Reasoning 

Number Speed (R) 
"   (R) 

Cancellation (R) 
Picture Discrimination (R) 
Number Checking (R) 

51. English (G) 
52. Foreign Language (G) 
55. Eng'g. Draw. & Des. Geom. (G) 

5^. Chemistry (G) 
55. Mathematics (G) 
36. Conduct (G) 

37. Vocabulai-y (NR) 
38. Intersections (HR) 
39. Arithmetic Reasoning (NR) 

25 
75 
67 
65 
77 
63 

k 
-2 
-2 
-2 
-1 
-2 
-l! 
3 

2 
-2 
-1+ 
-1 
1 

6 
8 

3 
-3 

8 
2 
1 
1+ 
2 
4 

1+5 
65 
71 
67 
67 
69 
68 
29 

-1 
h 
0 

1 
2 

5* 
20 

6 
6 

•5 

-5 
2 

36 
1 
2 

-8    -7 

5 
2 

-7 
2 

72    -1    -1 
67   -3     0 
58     1    -5 

5 
5 

-k 
5 
0 

-1 
0 

-2 

-4 50 
50 
1+5 
51 
40 
tu 

-1  58 
1 16 

-5 
5 

1+9     2 
8   23     1 

.7   -l     5 

2 
-1 
8 

26 
28 

6 

70    -1    -5 
-1    67    -2 

2       2     1+2 

6 
2 

-3 
-9 
9 

-5 
-1+ 
-1 
7 

6 
-5 

5 
-0 
0 

-2 

-4 

1+0 
48 

1 
9 

-8 
-8 
-1 
2 

7 
5 
5 
7 

-5 

7 
-9 
5 
8 
2 

2    27 
2 

-5 

2 

-1+ 
•7 
-2 
-1 
-5 
5 

50 

-6 
-2 
0 
7 
2 

-5 
1 

16   -4 
8     5 

2 
-4 

0 
0 
6 

.1+ 
-5 
-5 
1 

59    -5 
CLO 3 

1 
5 

-4 
-1 
20 
30 
23 

-2    1+9 

6     9-9-2 
-9     9-5     8 

4   -1*     k   -7 
17      0-1 

17-9     9     3 

3 7 
2 20 

-1 6 
2 -3 

0   27    10    -3 
-5    35     2     1+ 
2    36      0      1 

6 
-5 
5 

-1 
-1+ 
-3 

2 
-5 

1+ 
0 
2 

-1 

-8 
5 

-6 
2 
0 

-2 

0       5    28      0 
-1      0    -2    52 
2       8      0    16 

1 
2 
k 
5 
0 
0 

.2 
0 

•5 
2 

-1 
-2 
-1 
-2 
-5 

-2 
7 

6 
-6 
-8 

1+ 
-1+ 

11 -5 
-6 12 

2 -8 
15 -6 
-9 10 
-1 1 

2 -3 
-2 2 

0 1 

-5 20 
6 -11 
2 5 

-0 
2 
1 
0 
2 

2 
-1 
1 
2 

-5 

9 0 
8 -8 
3 -17 
7 -3 
5     5 

-1+   -1 
4   -5 

1+ 
3 

1   -1 
0     0 

2     5   -5 
-5    -4   10 
6     6-8 

36 35 l 
51 2U 0 
38 -1+ 23 
67 2 -2 
66 -7 -12 
15 8 21 

12      1 
-2      10 
2-11 



TABLE 6 

Transformation Matrix 

I II III IV V VI VII VIII TV V 
ii. 

I 1+15 52l; 192 020 009 109 053 181 w • .J 007 

II 6I+7 -561 -0l+7 008 030 ll+l -119 -056 015 003 

III -389 -41+8 352 129 038 -OoO -078 1+97 000 -086 

IV -308 -036 337 295 035 -031 082 -78I+ -082 002 

V 132 362 -510 161 167 29!+ 091 -192 005 031+ 

VI 273 1+08 -I+16 525 112 -681+ 030 051 172 -020 

VII 007 002 -029 056 -350 059 532 090 -392 -1+32 

VIII -0l+9 -189 357 -1+97 650 -3I+5 -112 026 -51+0 O89 

DC 261 -0l+2 -336 1+71+ -l+0n _Oc;o 08l 183 -520 888 

X 013 207 -223 31+6 -1+93 1+68 -811 -ll+5 -1+97 -092 



Table 7 

Correlations between Primary Vectors 

V r* M N P V s G H X 
I II III IV V VI VII VIII IX X 

V I 1.00 .14 JiK .00 -   "11 rvO 
—   a UL< 

1 1 
— • J.J. •03 -.15 

s 11 .14 1.00 .49 -.08 -.08 .05 -.02 .17 -.01 .20 

M III .44 .49 1.00 • 29 -.04 • 13 •03 .13 •09 •19 

N IV .00 -.08 .29 1.00 • 71 • 56 .28 .40 -.18 -.09 

P V -.08 -.04 • 71 1.00 .66 .28 .40 -.31 .01 

V VI -.08 • 05 .13 • 56 .66 1.00 .44 .42 -.14 •27 

s VII -.05 -.02 .03 .28 .28 .44 1.00 .12 -.22 .12 

y"i   il • J. J. J. - .11 1 T •13 • *tu .12 1.00 -.12 .01 

H IX .03 -.01 • 09 -.18 -.31 -.14 -.22 -.12 1.00 • 27 

X X -.13 .20 • 19 -.09 .01 .27 .12 .01 .27 1.00 
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In most factor analyses it is customary to ignore coeffielentj less 

than .30 or .20, say, as not reliably different from zero. Standard errors 

for individual factor coefficients have not been computed for the present 

study.  However, with correlations based on 649 cases, as in the present 

study, the standard srror of a correlation coefficient is about .Ok  for 

correlations in the neighborhood of zero and about .01 for correlations in 

the neighborhood of .80.  In view of these standard errors, it is to be 

expected that factor coefficients will have some meaning even in the low 

range from .10 to .20. This will be aeen to be actually the case. 

Interpretation of Factors 

The first three factors of Table 5 correspond to the three aptitude 

areas about which the present study is centered. These three factors may 

! be considered to be "level" factors, in contrast to the next four, all of 

i which are speed factors. The eighth and to a large extent the ninth are 

factors determined by academic grades. The tenth and last factor seems to 

have no simple interpretation. All these factors wiDl now be discussed in 

more detail. 

Factor I (V) is the verbal factor.  In addition to the experimental 

vocabulary tests, the following variables have two-digit coefficients for 

this factor, as would be expected: 

2. Yerbal Test (A) ... ,     .75 

Jl. English Grade 54 

1. Word Fluency (E) 25 

32. Foreign Language Grade 20 
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Factor II (S) is a space factor.  In addition to the experimental inter- 

sections tests, the following variables have two-digit coefficients for this 

factor, as would be expected: 

10. Spatial Relations (A)  h$ 

33. I.^ineering Drawing and 

Descriptive Geometry Grades     .36 

29. Picture Discrimination (P.) 23 

The picture discrimination test is a reference test for the perceptual speed 

factor, but .the test obviously requires also the ability to perceive and 

discriminate spatial patterns. 

Factor III (M) is a mathematical-reasoning factor.  In addition to the 

experimental arithmetic-reasoning tests, the following variables have two- 

digit coefficients for this factor, as would be expected: 

18. Mathematics (A)     .50 

35. Mathematics grade     .28 

3I*. Chemistry grade     .26 

Factor IV (N) is the number-speed factor, determined by the two reference 

tests included for this purpose. The only other variables with two-digit 

coefficients for this factor are two of the speeded arithmetic-reasoning 

tests, which obviously require some speed in numerical operations: 

22. Arithmetic-reasoning (speeded)     .17 

2k.    Arithmetic-reasoning (speeded)     .16 

Factor V (P) is the perceptual-speed factor determined by the thpse 

reference tests included for this purpose. No ther variables have two- 

digit coefficients for this factor. 
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Factor VI (v)  is clearly the verbal-speed factor that the present 

analysis was designed to isolate (if it actually existed) and to study.    All 

the two-digit coefficients for this factor are listed below: 

8. Vocabulary (speeded)   .   .   „  .39 

7.    Vocabulary (speeded)   .  .30 

9. Vocabulary (last item attempted)  .28 

37.     Vocabulary (speeded; number-right score)       - =28 

6. Vocabulary (speeded)      .27 

28. Cancellation (R) . . . .      .10 

The cancellation test is a reference test for the perceptual-speed factor. 

The coefficient of .10 for this test on the verbal-speed factor is not large 

enough to be of great interest! a positive coefficient might be expected, 

however, in view of the fact that this test requires rapid work with alpha- 

betical and verbal symbols. 

Factor VII (s) is clearly the spatial-jpeed factor that the present 

study was designed to isolate (ii' it actually existed) and to study. All 

the two-digit coefficients for this factor are listed below: 

17.  Intersections (last item attempted)     .49 

38. Intersections (speeded; number-right score)     .32 

15. Intersections (speeded) .   .30 

16. Intersections (speeded)   .23 

Ik. Intersections (speeded) ....   .20 

25. Arithmetic Reasoning (last item attempted)   .20 

39. Arithmetic Reasoning (speeded; number-right score) . .16 

23. Arithmetic Reasoning (speeded) .  .13 
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The fact that all of the speed scores on the arithmetic-reasoning tests have 

snail positive loadings on the spatial-speed factor is consistent with the 

fact that the arithmetic-reasoning tests contain a considerable proportion 

of simple geometry and other items that involve diagrams and other graphic 

illustrations,  these being printed in the test booklets alongside the  items. 

Factor VIII (G)  is an academic-grades factor.    No variable* other than 

the six academic grades have two-digit coefficients for this factor. 

Factor IX (H) appears to be SOJRS sort of verbal-academic-grade factor, 

as indicated by its two-digit coefficients, which are as follows: 

31. English Grade  .35 

32. Foreign Language Grade        ,2k 

4.    Vocabulary (level) 13 

1. Word Fluency (R) 11 

Factor X (X) does not suggest any ready interpretation.    T»To-digit 

coefficients for this bipolar factor are 

33. Engineering Drawing and 

Descriptive Geometry grade 23 

36. Conduct grades   .21 

10. Spatial Relations (A) 20 

20. Arithmetic Reasoning (level)   .   -.17 

2. Verbal (A) . .    .12 

35. Mathematics grade    -.12 

11. Intersections (level)     -.11 

?, Vocabulary (M) 10 

29. Picture Discrimination (B) ...... ,    .10 
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The Correlations Among Factors 

The correlations among the primary vectors in Table 7 are of paramount 

interest. First, it should he pointed out that the reference axis for the 

verbal factor was arbitrarily set approximately orthogonal to the reference 

axis for the verbal-speed factor. The reason for doing this was that it 

was felt that interpretation would be hindered by a choice of reference 

axes that would give the speeded verbal tests zero loadings on the verbal 

factor. For the same reason, the spatial-factor axis was set roughly 

orthogonal to the spatial-speed axis.  In each of these eases, the correla- 

tions between the speeded tests and the corresponding level factor are 

therefore represented approximately by the factor coefficients of the 

speeded tests for the level factor, and not by the corresponding near-zero 

correlation in Table 7» 

The verbal-factor axis and the academic-graces axis were both set 

approximately orthogonal to the axis for the ninth factor. This was done 

because the considerable indeterminacy as to the proper position of the 

primary vector for the ninth factor required some arbitrary decision to be 

made. 

The mathematical-reasoning factor shows correlations of .hk  and .U9 

with the verbal and spatial factors, respectively. These correlations are 

quite reasonable in view of the fact that the arithmetic-reasoning tests 

include verbally prenented problems, geometry problems, and other graph- 

ically presented problems. 

The only other correlations as large as these in Table 7 are between 

various speed factors  In fact, the striking thing about Table 7 is the 

consistently positive interccrrelations of the four speed factors that have 
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been isolated. In general, these correlate ouch more highly vith each other 

than they do with the three "level" factors. This result clearly demonstrates 

the existence of a second-order general speed factor. 

The gelation of Grades to Speed. 

The academic-grade factor is seen from Table 7 to be positively corre- 

lated vith all four of the speed factor*. The ninth factor, however, which 

is determined mainly by grades In English and in Foreign Language, has nega- 

tive correlations with each of the four speed tests, and also, incidentally, 

with the academic-grade factor itself. In order to interpret the relation 

of course grades to the various speed factors with any degree of clarity, 

it is necessary to obtain the actual correlations of each of the grades with 

the primary vectors for each of the speed factors. The correlations of the 

course grades with all tan of tht» primary vectors is given in Table 8. 

With one minor exception, each of the course grades is positively corre- 

lated with each of the four speed factors. Although these relationships are 

not high, there seems to be conclusive evidence of some positive relation 

between grades at Annapolis and speed. 

Discussion 

No speed factor for the arithmetic-reasoning tests could be isolated, 

although the attempt was persistently made. An examination of the factor 

loadings indicates certain small systematic differences between the speeded 

and the unspeeded arithmetic-reasoning tests. The speeded teBts tend to 

involve the number-speed factor, the verbal-speed factor, and the spatial- 

speed factor to a slightly greater extent than do the unspeeded tests, as 



! 

Table 8 

Correlations between Course Grades and Primary Vectors 
(decimal points omitted) 

31. English (G) 

32. Foreign Language (G) 

33. Eng'g. Draw. & Des. Geom. (C) 

3U. Chemistry (G) 

33. Mathematics (G) 

V S M N P V 8 G H X 
I II III IV V VI VII VIII IX X 

6i 12 39 20 10 15 -10 36 35 ok 

18 13 2k 26 12 17 ok 3k 20 02 

09 68 k6 09 15 30 02 3k 00 1*1 

17 36 51 28 16 28 07 76 -02 08 

08 35 51 k3 27 35 11 ak -15 -05 
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might reasonably be expected. The picture is somewhat confused by the fact 

that test 23 behaves slightly differently from the parallel tests 22 and 2k, 

and test 19, from the parallel test 20. It may be that an arithmetic-reason- 

ing factor exists in the data but is so very unimportant that it could not 

be separated from "noise" in the analysis. It would be Interesting to see 

if the extraction of an eleventh factor would have changed this picture. 

The results obtained for the last-item-attempted scores are of particu- 

lar interest.  It will be remembered that these scores were not used to 

determine the common-factor space, the reason being that it was desired to 

center the present 3tudy primarily around the usual types of scores such as 

are normally used for aptitude t6'-.ts. In spite of the fact that these scores 

were not used to determine the common-factor space, it is nevertheless found, 

for both the verbal and the spatial tests, that the last-item-attempted score 

is a purer measure of the corresponding speed factor than are the corrected- 

for-guessing scores on any of the three speeded tests. This is particularly 

true for the spatial test, where the last-item-attempted score has a much 

higher loading on the spatial-speed factor than on the space factor. 

The communallties of the last-item-attempt«d scores are .519 for verbal, 

A06 for spatial, and .297 for arithmetic reasoning. The conclusion that 

the common-factor space did not include a cleai-cut dimension for an arith- 

metic-reasoning speed factor is to some extent substantiated by the very low 

conmunallty of the arithmetic-reasoning last-item-attempted score. 

It is noteworthy that in all three cases the moderately speeded tests 

(M) are like the level teats and not like the speeded tests, even though 

only 50 to 75 P©r cent of the examinees responded to the last item on these 

"moderately" speeded tests. 

Variables 37, 38, and 39 — the number-right scores corresponding to 

variables 7, 19, and 23 — have loadings so similar to the "corrected-for- 

guesslng" scores on the same tests as to be virtually indistinguishable from 
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the latter. It may be noted, however, that in each case the number-right 

score has a smaller loading on the level factor for the ability tested than 

does the "corrected-for-guessing" score. 

It is interesting to note that the word-fluency test had very little 

loading on the verbal-cpeed factor; even its loading on the verbal factor is 

quite small. This test has a very low communality (.192); its reliability 

is not known. 

The communalitios of the perceptual-speed tests are lower than those of 

most of the other tests. This is reflected in the fact that the factor 

coefficients that determine the perceptual-speed factor are rather small 

(.27 to .56). The factor is nevertheless very clearly determined because 

all other coefficients for the factor are less than .10. 

Onetvariable with extremely low communality (.127) is the grade for con- 

duct. This variable cannot be predicted effectively by any of the tests in 

the battery. The remaining academic grades, with the exception of English, 

all have higher loadings on the academic-grade factor than they do on any 

of the aptitude tests. Tl Is situation clearly shows that the course grades 

have a very sizable reliable, and therefore theoretically predictable, vari- 

ance over and above that actually predicted by the aptitude tests. Whether 

this variance is attributable to personality factors or to other causes 

cannot be determined from the present study. 

Summary and Conclusions 

The present study was designed to investigate the existence and inter- 

relations of various speed factors, and their relation to academic course 

grades. 

- • IT—ri- r-r  - i-     1    - ijy^aMaa»«i 



Speeded and unspeeded, but otherwise parallel, test3 of vocabulary, 

spatial ability, and arithmetic reasoning were administered to 6U9 entering 

students at the U. S. Naval Academy at Annapolis. Also included in the 

factorial analysis were scores on certain regular admissions examinations, 

scores on certain specially prepared reference tests, and end-of-year course 

grades at Annapolis. 

Extraction of factors from the 33-variable correlation matrix was 

carried out by Lawley's maximum-likelihood method, the calculations being 

done on the Whirlwind, a high-speed electronic computer. Factoring was 

continued until, after the extraction of the tenth factor, a significance 

test on the matrix of residuals showed them to be no longer statistically 

significant. 

Rotation to psychologically meaningful oblique axes was carried out with 

the help of the matrix rotator at The Adjutant General's Office. The tenth 

rotated factor was found to be difficult or impossible to interpret. With 

this exception, the structure of the factor matrix was found to be so clear 

that a ready interpretation existed for every factor coefficient above .10. 

As would be expected, three of the factors obtained were verbal, 

spatial, and mathematical-reasoning factors. The reference tests included 

in the battery, again as expected, yielded the usual number-speed factor 

(ordinarily called simply the number factor) and the usual perceptual-speed 

factor. The academic grades in the battery were found to define not only a 

general -cademit-grade factor but also what appeared to be a verbal-academic- 

grade factor. Finally, a verbal-spoed factor and a spatial-speed factor 

were clearly identified and distinguished from the number-speed and the 

perceptual-speed factors. No arithmetic-reasoning speed factor was isolated. 

^MUMbMUi 
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The primary vectors for all four speed factors were found to be positively 

intercprrelated with each other to such an extent as to demonstrate clearly 

the existence of a general speed factor at the second-order level. 

All correlations between course grades and the four speed factors, 

with one small exception, were found to be positive, although not large. 

It is to be concluded that speed of various kinds playe some part in the 

course grades at Annapolis, and that spaededness in the admissions examina- 

tions is to this extent justified. The exact degree of speededness that 

will result in the highest validity for the admissions examinations can only 

be determined by an experimental study of the admissions examinations them- 

selves. It would seem, however, that tests that ar-j "moderately" speeded, 

so that only 50 to 75 P**" cent of the examinees respond to the last item, 

do not involve the speed factors needed. Apparently, only vary highly 

speeded tests involve these factors to a useful extent. 
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